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Abstract– To study the scale effect on the density of rockfill materials, the relative density tests 
were carried out by physical tests and numerical tests. Fractal theory was drawn into the grading of 
rockfill materials. Then, the fractal properties of scale effect on the density were studied by 
physical tests and numerical tests. There are close relations between fractal dimension D and 
densities of rockfill materials. The densities are largest when D is the critical value Dc. Further, Dc 
is independent of the relative density Dr and the maximum diameter dmax. Truncation error is one 
of the main factors of scale effect of densities of rockfill materials. The existing four scale methods 
in the standard can all be explained with fractal theory, and a unified formula was suggested. The 
achievements in the paper lay a good foundation for further studying scale effect of rockfill 
materials with fractal theory. 
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1. INTRODUCTION 
 

In recent years, more and more high earth-rockfill dams have been built and designed, particularly 
concrete faced rockfill dams (Yang et al., 2011) [1]. Although the domestic damming technology is one of 
the leading technologies worldwide, there are still some engineering problems in the high rockfill dams 
(Xu et al., 2008) [2]. Researchers have done a great deal of works on these problems [3-8]. However, 
there are no solutions in some problems such as scale effect in the rockfills. Scale effect is defined as the 
differences of physical and mechanical properties between indoor tests and field tests. In recent years, 
high rockfill dams have been springing up. The maximum diameters of dam materials are often between 
600mm and 800mm, and sometimes up to 1200mm. However, the maximum diameter is only 60mm in 
most indoor tests. As a result, oversized particles must be removed and scale effect occurs. 

The earliest study on scale effect was made by Bishop and Henkel [9]. There are two branches of the 
study on scale effect. One is the research on test apparatus [10-12]. The purpose is to weaken scale effect 
by widening the dimensions of the instrument. However, with the increasing dimensions of the 
instruments, the difficulty of servo-controlling on the confining pressure is increasing and the test costs are 
increasing, so the research was limited and the branch is progressing slowly. In contrast, the other branch 
which is focused on the disciplines between scale effect and characteristic diameter has shown promising 
results. Researchers [13-15] concluded that internal friction angle  is decreasing while Es and dmax are 
increasing. Some [16-18] considered that dmax has little influence on shear strength but much influence on 
deformation. Hennes [18] found that  is increasing as the weighted average diameter d0 as increases. Li 
[20] and Yang et al. [21] discovered that dynamic shear strength and dynamic shear modulus are 
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increasing while dmax is decreasing. From the above, we can see that there hasn’t been a consensus on the 
scale effect. The reason is that the materials, the scale method and the densities are all not consistent, 
especially the densities. Weng [22] confirmed that scale effect on the density exists regardless of the four 
scale methods.  However, more effort should be made to study the scale effect on the density more 
comprehensively. 

Fractal theory is a new subject relative to Euclidean geometry theory. However, it has been widely 
applied to many fields for depicting the complex natural phenomena [23-28]. Turcotte [29] applied fractal 
geometry theory to geotechnical field. Tyler [30] proposed the formula of grading with fractal geometry 
theory. Yang et al. [31] and Zhu et al. [32] verified the gradings of soils and rockfill materials both satisfy 
fractal theory respectively.  

In this paper, scale effect on the density was studied by physical and numerical tests. For the first 

time, the fractal properties of scale effect on the density were investigated, and the existing scale methods 

were analyzed from the view of fractal theory. In the end, a unified formula for scale method was 

suggested which relates fractal theory to scale effect. The achievements in the paper lay a good foundation 

for further studying scale effect of rockfill materials by fractal theory. 

 
2. THEORY 

Fragmentation plays an important role in various geological phenomena. Rocks are fragmented by joints 

and weathering. Explosives are often used to fragment rocks. Impacts produce fragmented ejecta. 

Statistical relations have been used to correlate data to the size distribution of fragments. A simple power 

law relation is often used, which is by definition a fractal. The concept provides a means of quantifying 

these processes which are various scale invariant processes in nature.  

The size distribution of materials plays an important role in predicting physical and mechanical 
properties. One area of interest to scientists is the potential of fractal scaling in the particle-size 
distributions. In a PSD (particle-size distribution), the concept of fractal scaling suggests that across a 
wide range of scales, the solid phase of the material will appear to be similar (self-similarity). For a PSD 
with fractal scale, the volume V(r > R) of cubes of size R needed to fill the grains of size R or larger is 
given by [33]: 
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where mC  and m  are constants describing shape and scale; D is fractal dimension. 
However, Eq. (1) is generally not used when investigating the fractal behavior of PSDs. Instead, it 

appears to be more appropriate in terms of mass, which is more easily measured. From Eq. (1), the mass 

 M r R  is： 
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where p  is the grain density. Here, p  is assumed to be independent of grain size. Thus, the total mass, 
MT, is：  
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And, Eq. (2) can be normalized by Eq. (3) to yield： 
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We chose RL as upper size limit. Obviously, at R = RL,   / 0TM r R M  . As a result, m must be 
equivalent to RL. Eq. (4) can be rewritten as: 
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In the geotechnical field, a PSD is usually determined by sieve analysis, so Eq. (6) is substituted by 
3
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where pi is mass percentage, 
 
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   ; di is sieve diameter; dmax is the maximum diameter in a 

PSD. 

Equation (7) is also called Talbot curve, which has been widely used in rockfill grading design. 

Studies have shown that rockfills with fractal grading can be compacted more easily. 

 
3. TEST PROGRESS 

a) Applicability and parameters 

In this paper, PFC2D (Particle Flow Code in 2 dimension) was used to simulate geotechnical tests. 

Confining pressure dependence, dilatancy, nonlinearity, elastoplasticity and strength criterion are typical 

features of geotechnical materials. In the following, the four basic features of geotechnical materials were 

simulated, and the applicability of PFC2D was discussed. Then parameters of PFC2D were determined. 

1. The simulation of triaxial compression tests  

Triaxial compression tests are mostly used to determine the shear strength of geotechnical materials. The 

stress situation is axisymmetric, that is 2 3   . However, PFC2D is a 2-D software, so the simulated 

tests are called biaxial compression tests. The following assumptions are made for stress and strains in the 

third direction: Only two force components and one moment component exist in a PFC2D model, as 

opposed to the three force components and three moment components that exist in a three-dimensional 

particle assembly; the out-of-plane force component and the two in-plane moment components are not 

considered in any way in the equations of motion or in the force-displacement laws. Although the stress 

situations between triaxial compression tests and biaxial compression tests are not exactly the same, the 

qualitative properties of the two are consistent. The stress situations are shown in the following figure. 
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Fig. 1. The stress situations 
(a) the triaxial test;  (b) the biaxial test 

In the triaxial test, the deviatoric stress is 1 3  ; the confining stress is 3 ; the volumetric strain is 

1 2 3v      . In the biaxial test, the deviatoric stress is 1 3  ; the confining stress is 3 ; the 
volumetric strain is 1 2v x y        . The main difference is the volumetric strain. In the 2D space, 
the strain in the third direction 3 0  , is similar to plane strain situation. In this paper, the main purpose 
is to study qualitative properties of rockfill materials. The qualitative disciplines is enough, which can be 
confirmed in Fig. 9. The physical test is triaxial test and the numerical test is biaxial test. From the figure, 
we can see that the simulation method of biaxial tests used in the paper can reflect the laws of the stress-
strain properties of triaxial tests. 

2. Confining pressure dependence 
Duncan-Chang Model was proposed based on conventional triaxial compression tests. The model has been 
validated and widely applied to geotechnical materials, so the model is a valid index for verifying the 
validity of PFC2D. The stress-strain curve is hyperbola, that is: 
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Equation (8) can be translated to: 
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 as Y-axis and 1  as X-axis, Eq. (9) becomes linear, which is convenient to carry regression 

analysis. This is shown in Fig. 2b. The purpose of Fig. 2b is to investigate the agreement between the 
stress-strain curve and hyperbola under different confining pressures. Figure 2 shows that the stress-strain 
curves before the maximum values of 1 3   fitted well to hyperbola. The reason of disagreement after 

the maximum values of 1 3   is the absence of particle breakage. 

Confining pressure is one of the most important factors. The shear strength increases with the 
increasing of the confining pressure. Figure 2 is the result of the conventional triaxial test simulated with 
PFC2D. In Fig. 2a, the curves decrease when 1  is larger than one value, which is not completely 
consistent with the results of physical test. Not taking particle breakage into consideration is the main 
reason. However, particle breakage is not the focus in the paper, so the results of Fig. 2a are expected and 
reasonable. In Fig. 2b, the test data were fitted to Duncan-Chang Model, which has been widely applied to 
geotechnical materials. From the picture, we can see that the fitting is well satisfied. The deviation 
appearing in the latter is due to not considering particle breakage. In a word, conventional triaxial test can 
be mechanically simulated with PFC2D. 
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Fig. 2. The stress-strain curve of the rockfills simulated with PFC2D 
(a) The stress-strain curves; (b) The fitting to Duncan-Chang Model 

The parameter iE  is called initial deformation modulus, which is an important parameter in Duncan-
Chang Model. It’s defined as: 
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Equation (10) shows that iE  is regardless of 1  but is related to confining pressure 3  which is: 
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                                                             (11) 

Equation (11) is obtained by carrying regression analysis in the log-log plot. Equation (11) can be 
transformed to Eq. (12) which is linear in the log-log plot: 
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where Pa is the standard atmospheric pressure used to make physical quantity dimensionless;  K , n  are 
parameters shown in Fig. 3. 
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                Fig. 3. The relationship between iE  and 3                                     Fig. 4. Ei /Pa - 3 /Pa curve 

The initial deformation modulus of each confining pressure was calculated, and the data were fitted 
to Eq. (11). The fitting is shown in Fig. 4. As can be seen, the data match well with the Eq. (11). 

From the above, it can be seen that confining pressure dependence can be reproduced in numerical 
conventional triaxial test with PFC2D. 

3. Dilatation  
The phenomenon of “dilatation” is common in granular materials such as incohesive soils, rockfill 
materials and so on. In such materials, “dilatation” is an important factor of the shear strength. Figure 5 
shows the influence of “dilatation” on the shear strength. It’s clear that “dilatation” depends on the density 
of materials, which is more obvious in the denser specimen.  
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Fig. 5. The mechanism of shear strength of granular materials [34] 

max , the maximum friction angle; r , the friction angle excluding dilatation [35]; f , the friction angle 
excluding dilatation [36]; cv  , the friction when the volume is constant;   , the friction between particles 

Rowe [37] developed a dilatancy equation from the particle level. Taking longitudinal compression 
as positive, and lateral expansion and instantaneous unit volume expansion, dV / V  , positive,  the 
equation is: 
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In the triaxial compression test, Eq. (14) becomes: 
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In the biaxial compression test, Eq. (14) becomes: 
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where 1 is the major principal stress, 1 and 3 are the major principal strain and the minor principal strain 
respectively. 

Assume 2 o 1
tan 45
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. Equation (14) shows that dilatation is related to 1

3




  and uK . 

uK  depends on material properties and is regardless of the strain level, which is reflected in Fig. 6a. 

Figure 6a is the result of rockfill material in Pankou CFRD. As a result, uK  is a valid index for verifying 

the validity of PFC2D. Figure 6b confirms the above expection. 

4. Nonlinearity and elastoplasticity 

Unlike the materials such as metals, the stress-strain behaviors of granular materials are nonlinear. 

Elastoplasticity is another important behavior of granular materials. There is not only elastic deformation, 

but also plastic deformation. Figure 7 is one load cycle simulated with PFC2D. When unload is 

completed, there is still some deformation that is called plastic deformation. Also, hysteresis loops appear 

when reload is completed. Obviously, nonlinearity and elastoplasticity are reflected well. 
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(a)                                                                              (b) 

Fig. 6. The dilatancy parameter uK  of Rowe Model 

(a) the triaxial compression test of Pankou rockfill material; (b) the biaxial compression test of round particles 

5. Strength criterion 
Mohr-Coulomb strength criterion has been widely used to friction materials, which has been proved 
theoretically and physically. Coarse-grained materials are typical friction materials, so Mohr-Coulomb 
strength criterion is applicable, which is: 

3 tanc                                                       (17) 

where  and 3 are shearing stress and normal stress respectively, c is cohesion,  is friction angle. 
Figure 8 is the Mohr-Coulomb stress circles achieved according to the conventional triaxial test 

simulated with PFC2D. In Fig. 8, c is equal to the intercept and  is equal to the slope. We can see that the 
intercept c is almost zero and all the values of slopes are fluctuated in a small range, which can be 
considered as the constant . The results are consistent with Mohr-Coulomb strength criterion. 

                  

Fig. 7. Load-unload-reload stress-strain curve                        Fig. 8. Mohr-coulomb stress circle 

6. Parameters of PFC2D 
In PFC2D, parameters usually cannot be directly determined. The usual method is called trial-and-error 
calibration. The calibration process is as shown below: 1) the initial values of parameters are assumed; 2) 
simulate physical tests with PFC2D; 3) compare macroscopic responses of numerical tests with the 
responses of the matched physical tests. If the two responses are consistent, the initial values are right; if 
not, the initial values are inappropriate, thus, the values need to be changed; 4) repeat the above two steps 
until the right values are achieved. 
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Here the physical test is a conventional triaxial test. The material is spherical glass beads. There are 
two kinds of particle sizes which are 2mm and 22mm. The two kinds of particles are equivalent in terms 
of mass, that is, each mass percentage is 50%. The test instrument is large triaxial apparatus, which is 
300mm in diameter. The physical parameters of the test are shown in Table 1 and the test results are 
shown in Fig. 9. From Fig. 9, we can see that the numerical test responses match well with the physical 
test responses, so the calibration process terminated. The final values of parameters are shown in Table 2. 
Besides, it should be mentioned that when the confining pressure is different, the values of parameters in 
PFC2D fluctuate slightly, which is inevitable in DEM simulation, and the values in Table 2 are the 
average values of the three confining pressures. Studies have showed that the parameter Kn/Ks is related 
to Poisson’s ratio . An empirical formula is given as below: 

 / 2 1Kn Ks                                                            (18) 

Table 1. The physical parameters of the test 

Diameter 
/(mm) 

Void ratio e Porosity n Mass density s/(g/cm3) Dry density d/(g/cm3) 

2&22 0.346 0.257 2.41 1.79 
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Fig. 9. Stress-strain curves of physical and numerical tests 

Assume the value of Poisson ratio  is 0.3. Then, the initial value of the parameter Kn/Ks is 2.60 
according to Eq. (18) and the final value is 2.63. The final parameters in PFC2D are shown in Table 2. 

Table 2. The values of parameters in PFC2D 

Object Kn / (N/m) Kn/Ks Mass density s 
/(g/cm3) 

Friction coefficient 

Ball 5e9 2.63 2.70 0.6 

Flexible wall 5e8 1.00 — 0.0 

Rigid wall 5e10 1.00 — 0.0 

b) Test program and process 

In this section, the relative density tests were conducted by physical mode and numerical mode. The 
values of parameters are shown in Table 2. The purpose of the test is to get the maximum dry density and 
the minimum dry density. The test process is followed to the standard (Electic Power Press, 2006) [38]. 

1. Test program 
The sample gradings were calculated from Eq. (7). The values of dmax are 40mm and 60mm. The values of 
D are 2.30, 2.40, 2.50, 2.55, 2.60 and 2.70. To make the relationship between the porosity and fractal 
dimension D clear, a numerical test program was added. The values of dmax are 60mm, 80mm, 100mm and 
150mm, and the values of D are 1.90, 2.00, 2.10, 2.20, 2.30, 2.40, 2.50, 2.60, 2.70 and 2.75. The total 
amount of physical sample gradings is 26=12, and the number of numerical sample gradings is 410=40. 
The gradings are shown in Fig. 10. Each specimen was used to conduct two tests: the minimum dry 
density test and the maximum dry density test. 
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(a)                                                                             (b) 

Fig. 10. The sample gradings  
(a) The physical test; (b) The numerical test 

2. Test process 
2.1 The minimum dry density test 
In the standard, the minimum dry density is obtained by the loose-fill method. The loose-fill method is 
described in the standard (Electic Power Press, 2006) [38]. The state of the minimum dry density is shown 
in Fig. 11a. 

In PFC2D, the process is simulated as shown below: 1) generate numerical balls of the given mass in 
the tube which is 1.5 times larger than the tube given in the standard to guarantee that each ball has no 
contact with others; 2) make balls fall freely with the velocity of each ball being monitored. When any 
velocity of balls reaches one threshold, all velocities are made zero. The velocity threshold is determined 
as: 

 

 2v gh                                                                 (19) 

where v is the velocity, g is acceleration of the gravity, h is the tolerated distance between the falling ball 
and the surface of balls in the tube. Here, h is 2cm according to the standard [38]; 3) calculate the volume 
of balls fallen into the cylinder. Then, the minimum dry density can be calculated easily. The numerical 
process is shown in Fig. 11b. 

         
 

 
(a)  

 

              
(b)  

Fig. 11. The minimum dry density 
(a) The physical process; (b) The numerical process 
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2.2 The maximum dry density test 
The maximum dry density is achieved by the surface-vibration method given in the standard (Electic 
Power Press, 2006) [38]. The main parameters of the vibrator are frequency and centripetal force. The 
values of the two parameters are 45Hz-50Hz and 4.2kN-5.4kN respectively. The vibration time is 8min to 
guarantee that the specimen reaches the densest state. The vibrator and its parameters are shown in Fig. 
12. 

 

        

Fig. 12. The equipment used in the maximum density test 

In PFC2D, the process is simulated as shown below: 1) the steel plate is simulated with a clump 
which is rigid comprised of some balls; 2) the vibration process is simulated by applying a sinusoidal 
force to the clump, which is mechanically equivalent to the vibration motor; 3) the size of the cylinder and 
the parameters of the vibrator are consistent with the standard (Electic Power Press, 2006) [38], and the 
vibration time is also 8 minutes. Figure 13 shows the physical process and numerical process of the 
maximum dry density test. 

 

       
(a)  

 

           
(b)  

Fig. 13. The maximum density test 
(a) The physical process; (b) The numerical process 

c) Test results 

The minimum dry density and the maximum dry density were translated to porosity n according to 
Eq. (20), and the results are shown in Table 3, 4 and Fig. 14. 
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 From Fig. 14, we can see that the numerical results are consistent with the physical results on the 
whole, which verifies the numerical process. There are some similarities between the numerical results 
and the physical results as shown below: 1) the shape of the curves between porosity n and fractal 
dimension D; 2) the existence of the critical fractal dimension Dc; 3) Dc’s independence of dmax and the 
relative density Dr. Of course, there are some differences: 1) the value of the porosity n with the same 
values of dmax and D; 2) the value of the critical fractal dimension Dc. From Table 3 and Table 4, the fact is 
clear that the values of porosity n in the physical tests are larger than the values in the numerical tests. The 
main reason is that the material is rockfill with complex shapes in the physical tests, but the material is 
ball in the numerical tests. Obviously, the ball is denser than non-spherical materials with the same 
compaction energy. The reason for the differences of the value of Dc is that particles whose diameters are 
smaller than 1mm are substituted with particles with the same diameters that are 1mm by quality 
equivalent in the numerical tests. However, particles whose diameters are smaller than 1mm are not sieved 
further in the physical tests. This means that the grading of these particles is consistent with the grading of 
original rockfills. Obviously, the two gradings are different, and the latter is better than the former, so 
particles whose diameters are smaller than 1mm in the physical tests are denser. As a result, in the 
numerical tests, the density of the fine particles (<1mm) is smaller than that in the physical tests. Thus, the 
phenomenon that the value of Dc in the physical tests is larger than the value in the numerical tests is 
interpretable, which means that more fine particles exist in the physical tests in the critical grading. 
 

Table 3.  The results of the relative density test in physical tests 

        D 
dmax /(mm) 

2.30 2.40 2.50 2.55 2.60 2.70 

40 
nmax  0.432 0.364 0.339 0.334 0.335 0.343 

nmin  0.274 0.233 0.202 0.185 0.189 0.222 

60 
nmax  0.379 0.354 0.320 0.316 0.318 0.329 

nmin  0.272 0.227 0.187 0.178 0.181 0.193 

 
Table 4.  The results of the relative density test in numerical tests 

        D 
dmax /(mm) 

1.90 2.00 2.10 2.20 2.30 2.40 2.50 2.60 2.70 2.75 

60 
nmax  0.244 0.239 0.229 0.214 0.205 0.198 0.194 0.201 0.210 0.220 

nmin  0.157 0.150 0.138 0.132 0.127 0.125 0.124 0.138 0.153 0.163 

80 
nmax  0.243 0.238 0.226 0.212 0.201 0.193 0.186 0.191 0.199 0.208 

nmin  0.156 0.146 0.133 0.126 0.119 0.116 0.115 0.127 0.140 0.150 

100 
nmax  0.242 0.237 0.224 0.210 0.196 0.185 0.179 0.182 0.190 0.195 

nmin 0.156 0.144 0.130 0.119 0.112 0.106 0.104 0.116 0.130 0.139 

150 
nmax  0.240 0.234 0.223 0.206 0.187 0.176 0.172 0.175 0.180 0.185 

nmin  0.156 0.140 0.126 0.114 0.104 0.099 0.097 0.106 0.121 0.129 
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Fig. 14. The curves between porosity n and fractal dimension D 

(a) The physical test; (b) The maximum porosity in numerical test; (c) The minimum porosity in numerical test 
 

4. DISCUSSIONS 

The most important feature of fractal theory is scale independence. This means that although the values of 
dmax are different, the gradings are similar only if fractal dimensions D are the same. Further, the densities 
should be the same according to the similarity criterion. However, Fig. 9 shows a discrepancy which 
indicates the densities are different and the differences are increasing with the growth of the value of 
fractal dimension D. The reasons are analyzed as shown below. 

a) The scale independence feature in the grading 

The grading calculated with Eq. (7) is considered to satisfy fractal theory. Two examples of such 
gradings were analyzed. The two gradings are shown in Table 5. The values of fractal dimension D are 
both 2.50 and the values of dmax are 200mm and 100mm respectively. The diameters of the grading II are 
half of the diameters of the grading I, but the corresponding mass percentages have the same value. This 
reflects scale independence of fractal theory. Further, there is another aspect which also reflects scale 
independence. For example, in the grading I, fractions of 20mm-40mm, 40mm-80mm and 80mm-200mm 
are 13.10%, 18.52% and 36.75% respectively. After reducing the fractions by 2 times, fractions become 
10mm-20mm, 20mm-40mm and 40mm-100mm and the mass percentages are 9.26%, 13.10% and 25.99% 
respectively. It’s obvious that 13.10%: 18.52%: 36.75% = 9.26%: 13.10%: 25.99% = 1.00: 1.41: 2.81. 
This is scale independence in another sense. 

 
Table 5. Two example gradings 

      di /(mm) 
pi /(%) 

200 160 120 100 80 60 40 20 10 5 

I 100.00 89.44 77.46 70.71 63.25 — 44.72 31.62 22.36 — 

II — — — 100.00 89.44 — 63.25 44.72 31.62 22.36 
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b) Deviation analysis 
According to scale independence in the grading, gradings with the same fractal dimension D should 

have the same physical and mechanical properties with the assumption that particle shapes are the same. 
Thus, the densities should be the same, but there are some differences of densities as shown in Fig. 14. In 
Fig. 14, we can see that though the values of fractal dimension D are the same, specimens are denser with 
the growth of dmax. It appears to conflict with scale independence. The reasons were discussed as below. 

Scale independence is valid only if two conditions are satisfied: 1) the values of fractal dimension D 
are the same; 2) the diameters of two groups are proportional. As a result, Eq. (21) is satisfied. However, 
in the above test, the minimum diameters of all the gradings are 1mm, which does not agree with Eq. (21), 
so the condition 2) is not satisfied and scale independence becomes invalid.  

 

1 1 1 2

2 2 1 2
   or   max min max max

max min min min

d d d d

d d d d
                                                   (21) 

Now, take D = 2.50 for example. Two groups of gradings were analyzed. One satisfies the conditions 

of scale independence and the other does not. In the former group, the values of dmax are 40mm, 80mm, 

120mm and 160mm; the values of dmin are 1mm, 2mm, 3mm and 4mm. In the latter group, the values of 

dmax are 40mm, 80mm, 120mm and 160mm; the values of dmin are all the same. Obviously, in the former 

group, 
1 2 3 4

max max max max
1 2 3 4

min min min min

d d d d

d d d d
    makes sense while in the latter group, it makes no sense. In the latter 

group, truncation error exists which is defined as  2 1 1
1 1 1100 /p p p   , where p2

1, p
1
1 are mass fractions 

whose diameters are smaller than 1mm. Figure 15 shows the results of the relative density tests of the two 

groups of gradings. The group without truncation error satisfies scale independence, so both the maximum 

porosities and minimum porosities are independent of diameters. However, the other group with 

truncation error doesn’t satisfy it, so the porosities are dependent on diameters. The relationship between 

the changes of porosity and diameters is shown in Fig. 16. Figure 16 also shows the relationship between 

truncation error and diameters. We can see that all the curves can be approximately regarded as 

hyperbolas. The relationship between the changes of porosity and truncation error is shown in Fig. 17. A 

linearity relationship exists. 
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Fig. 15. The results of the relative density test and diameters                  Fig. 16. The relations between deviations 

 
 

 
Fig. 17. The relation between the changes of porosity and truncation error 
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From the above, we can see that scale independence in densities must meet the two conditions shown 
before. However, in rockfill materials, particles whose diameters are smaller than 0.075mm are very few, 
so the minimum diameter can be approximately regarded as 0.075mm, which means that truncation error 
exists. As a result, scale independence isn’t satisfied and the densities are not the same as shown in Fig. 
14a. 

c) Evaluation of the existing scale methods 

There are four scale methods which are Exclusion Method, Similar Grading Method, Equivalent 
Substitution Method and Mixed method. The details of the four methods are shown in the standard 
(Electric Power Press, 2006) [38]. In this section, more attention was given to the relationship between 
scale method and fractal theory. According to the reference [32], most of the gradings of rockfills satisfy 
fractal grading, so an assumption was made that gradings appearing as shown below are all fractal 
gradings. 

1. Exclusion method 
The method is also called Full Quantity Substitution Method. The content of one fraction can be 
calculated with the following formula: 

 0 max100 / 100i i dp p P                                                     (22) 

where pi is one fraction of scaled grading; p0i is one fraction of the original grading; Pdmax is the content 

of oversized particles. 

According to the assumption above, the original grading satisfies Eq. (7). So, 
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                            (23) 

where pi is the mass percentage when ddi. Here, assume that didi+1. 
Substitute Eq. (23) into Eq. (22): 
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where C = 1/(100-Pdmax). 
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where d’max is the maximum diameter of the scaled grading. 

Equation (25) shows that the scaled grading is also fractal grading. Further, the values of fractal 

dimension D are the same. 

2. Similar Grading Method 

The scaled grading is geometrically similar to the original grading, which is represented as: 

max 0
0

max

, ,
'

i
r ni ni i

r

d d
n d p p

d n
                                          (27) 

where nr is the scale ratio; d0i is the diameter of the original grading; dni is the diameter of the scaled 
grading; p0i is the mass content when dd0i; pni is the mass content when ddni. 

Substitute Eq. (7) into Eq. (27), the following equation is obtained: 
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                               (28) 

From Eq. (28), we can see that the scaled grading is also fractal grading with the same value of fractal 

dimension D to the original grading. 

3. Equivalent substitution method and mixed method 

In Equivalent Substitution Method, the oversized particles are replaced in proportion by the particles 

whose diameters are smaller than d’max, and are more than 5mm. The content of one fraction is as shown 

below: 

 5 0 5 max/i i dp P p P P                                                         (29) 

where P5 is the mass content of the original grading when d>5mm. 

Mixed Method is suggested by mixing Similar Grading Method and Equivalent Substitution Method. 

Both of the methods are based on the point that when the content of fine particles (d<5mm) is too much, 

the mechanical properties of the scaled grading are not consistent with those of the original grading any 

longer, so the content of fine particles must be limited to a reasonable extent. 

In order to study the relationship between fractal theory and the above two methods, a formula was 

suggested as shown below: 
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                                                    (30) 

where A is the parameter. 
Given the value of p5, A can be calculated by Eq. (30). 
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where p5c is the content of fine particles pre-specified. 
An example was taken to study the relationship between Eq. (30) and the two scale methods. The 

details are shown in Table 6. In Table 6, I, II, III and IV represent Equivalent Substitution Method, Eq. 
(30) I, Mixed Method and Eq. (30) II respectively. Table 6 shows that both Equivalent Substitution 
Method and Mixed Method can be reflected with Eq. (30) only if the contents of fine particles p5 are the 
same. 
 

Table 6.  Gradings of different scale methods 

di/(mm) 
pi /(%) 

800 600 400 200 100 80 60 40 20 10 5 

 100.00 89.13 75.79 57.43 43.53 39.81 35.48 30.17 22.87 17.33 13.13

I — — — — — — 100.00 79.35 50.96 29.44 13.13

II A  
-37.91 

D 
2.60 

— — — — 100.00 79.35 50.96 29.44 13.13

III — — — — — — 100.00 80.35 53.33 32.85 17.33

IV A  
-31.25 

D 
2.60 

— — — — 100.00 80.35 53.33 32.85 17.33

 

From the above, we can see that a close relationship exists between fractal theory and the four scale 
methods, which can be represented with a unified formula as shown below: 
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   

                                                    (32) 

In Exclusion Method and Similar Grading Method, the value of parameter A is zero and in Equivalent 
Substitution Method and Mixed Method, the value can be determined with Eq. (32). 

 
5. CONCLUSION 

Fractal theory was applied to the design of grading of rockfill materials and a formula was deduced. Then, 

to study the fractal properties of densities of rockfill materials, the physical and numerical relative density 

tests were conducted. Finally, some conclusions were determined: 

(1) PFC2D can reflect the main mechanical properties of geotechnical materials, so it can be applied 

to simulate geotechnical problems. 

(2) There are close relationships between fractal dimension and densities of rockfill materials. The 

densities are maximal when fractal dimension D is the critical value Dc. Further, Dc is independent of the 

relative density Dr and the maximum diameter dmax. 

(3) Truncation error is one of the main factors of scale effect of densities of rockfill materials, and 

there is a linear relationship between scale effect in terms of porosity and truncation error. 

(4) The existing four scale methods in the standard can all be explained with fractal theory. A unified 

formula was suggested from the view of fractal theory, which is the basis for further studying scale effect 

of rockfill materials by fractal theory. 
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In this paper, several attempts were made to study the applicability of fractal theory to scale effect of 
rockfill materials. However, this is just the beginning of the study on scale effect. More efforts need to be 
made in the future to solve the scale effect of rockfill materials problem. 
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